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Laminar Boundary-Layer Induced Wave Forces on a

Submerged Flat-Plate Hydrofoil

Allen Plotkin*
University of Maryland, College Park, Md.

The two-dimensional, laminar, incompressible high Reynolds number flow of a uniform stream
past a submerged flat-plate hydrofoil is analyzed to obtain the wave drag and lift induced on the
foil by the effect of viscosity. The viscous effects are modeled by a source distribution on the foil and
along the wake centerline whose strength is proportional to the displacement thickness slope. The
linearized free-surface boundary condition is satisfied to obtain the wave system. Results are pre-
sented for wave drag and lift as a function of Reynolds number, Froude number, and depth to chord

ratio.

Introduction

CONSIDER the motion of a body translating at con-
stant speed in an incompressible fluid (water) at or near
the free surface. The forces acting on the body may be
considered to arise from two physical phenomena. First,
the body sets up a system of waves behind it as it moves.
The energy necessary to sustain this wave system mani-
fests itself in a drag force on the body called the wave re-
sistance. In general, the analysis uses potential flow theo-
ry with the Froude number as the characteristic nondi-
mensional parameter. In addition, a sharp trailing edge
can induce a circulatory flow around the body which re-
sults in a lift force. Second, the effect of viscosity near the
body and in its wake results in a viscous drag force. In
general, if flow separation is absent, boundary-layer theo-
ry is applicable for large values of the characteristic pa-
rameter for viscous flow, the Reynolds number.

The problem of the interaction of the effects of viscosity
and free-surface waves is extremely difficult to handle an-
alytically for the three-dimensional flow past a ship. It is
well beyond the state-of-the-art to obtain a solution by in-
tegration of the Navier-Stokes equations. Even the simpli-
fications. involved in using boundary-layer theory for the
viscous calculations are not sufficient to render the prob-
lem amenable to solution due to the inherent three di-
mensionality of the flow and the fact that for speeds of in-
terest the flow is mostly turbulent.

Some attempts at studying the interaction problem by
an addition of the displacement thickness to the hull were
made by Havelock? and Wu.? Recently, a number of pa-
pers have appeared which attempt to model the viscous
effects of the wake by distributing vorticity behind the
body and working with the inviscid equations. (This idea
is somewhat reminiscent of the theory of Prandtl for the
flow past a high aspect ratio wing.) Included in this group
are the papers of Tatinclaux,® Beck,* and Kim and Bres-
lin.5

Another approach which appears in the literature is to
consider the fluid to be completely viscous and study the
solution of the Oseen equations which are valid far from
the body for any Reynolds number. Dugan® considered the

Received October 15, 1973. This research was supported by the
Minta Fund of the University of Maryland. The computer time was
donated by the Computer Science Center of the University of
Maryland. The author wishes to thank N. Salvesin and M. Wilson
of NSRDC, Carderock, Md., for their advice and guidance through-
out the course of the research.

Index categories: Boundary Layers and Convective Heat Trans-
fer-—Laminar; Hydrodynamics.

*Associate Professor of Aerospace Engineering. Member ATAA.

two-dimensional flat plate, Lurye?-® considered the axi-
symmetric “singular needle,” and Wilson® considered
singularities accounting for the general force field repre-
sentative of a ship.

To develop analytical capability for the more accurate
predictions of the resistance of bodies moving in or near
the free surface, some recent efforts have concentrated on
the two-dimensional hydrofoil problem. Gebhardt1® stud-
ied the flow past a submerged hydrofoil and the effect of
the wave-modified pressure distribution on the foil bound-
ary layer. Plotkin'! considered the related modified
boundary layer in the wake far behind a symmetric sub-
merged hydrofoil.

Efforts have also been undertaken to obtain higher-
order potential flow solutions. Salvesen? developed a con-
sistent second-order potential flow theory to calculate the
wave resistance on a hydrofoil. Dagan!® obtained closed-
form solutions for the wave drag on a source-generated
body but did not consider the induced circulation in his
analysis.

The problem considered here is the two-dimensional,
laminar, incompressible high Reynolds number flow of a
uniform stream past a submerged flat plate hydrofoil at
zero angle of attack. The goal is to obtain the wave forces
which are induced by the effect of viscosity. The reasons
for the consideration of this particular problem are many.
First, the complete viscous solution in the absence of the
free surface is available. Second, since in the absence of
viscosity the plate causes no disturbance, it is possible to
calculate separately the wave forces induced by viscosity.
Third, it is felt that the viscous effects can be important
for thin hydrofoils since the displacement thickness can
equal a substantial fraction of the foil thickness.

The model used in this solution can be extended to the
turbulent case since essentially the inviscid and viscous
solutions are obtained independently.

Viscous Flow Solution

The problem under consideration is the two-dimension-
al, laminar, incompressible high Reynolds number flow of
a uniform stream of speed U past a flat plate of length !
aligned parallel to the stream. The plate is locatéd a dis-
tance h chord lengths beneath the free surface. All lengths
will be normalized by ! and all speeds by U. The coordi-
nate system is shown in Fig. 1. x and y are distances along
and normal to the plate, respectively, and the origin is lo-
cated at the leading edge. u and v are the velocity compo-
nents in the x and y directions.

Consider the complete flowfield in the context of the
method of matched asymptotic expansions as expressed,
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Fig. 1 Coordinate system.

for example, in Chap. 7 of Van Dyke.1* The first-order
inviscid solution is zero since the plate does not disturb
the flow. The first-order viscous solution is a boundary-
layer solution with zero streamwise pressure gradient (ex-
cept near the edges) so that the presence of the free sur-
face is not felt. The ordering discussed above is with re-
spect to the small parameter ¢, = R~1/2 where the Reyn-
olds number R = Ul/v and » is the kinematic viscosity.

Of interest in this study is the wave system induced by
the first-order viscous solution. Conceptually, the stream
encounters a semi-infinite body of thickness é*, the dis-
placement thickness, which is always small compared to
x. A thin-airfoil representation of the body is modeled by
a source distribution along the x-axis. The strength per
unit length of the distribution, normalized by U, is given
by

g(x) = 2(dd*/dx) = 2v(x, <) 1

q(x) is the only information needed from the viscous solu-
tion to be used as input in the consideration of the poten-
tial flow.

Plate

The classical Blasius solution is valid on the plate ex-
cept in the neighborhood of the leading and trailing edges.
The treatment of the leading-edge solution is discussed in
van de Vooren and Dijkstra.'® The Blasius solution is in-
valid in a region of O(R-1). Since Ref. 15 treats a semi-
infinite flat plate, parabolic coordinates are optimal (see
Van Dyke*) and the displacement thickness is given by

5% = 2nR1/2[x + n*/4R}'/? (2)

where = n(x) in the leading-edge region and n = 0.8604,
the Blasius value, elsewhere along the plate. Values of 5
in the leading-edge region are given but their accuracy is
questionable and it is consistent for the purposes consid-
ered here to use y = 0.8604 for the leading-edge region as
well.

The displacement thickness distribution on the plate,
Eq. (2), describes a parabola with vertex at x = —»2/4R
and nose radius @ = 292R~1. Van Dyke!* shows that the
thin-airfoil representation is invalid in the leading-edge
region and the extent of this region is O(a) or O(R-1).
Matched asymptotic expansions are used to improve the
solution in this region.

First, the origin is shifted to the leading edge of the pa-
rabola by introducing s = x + 52/4R. On the surface of
the parabola, the exact potential flow solution yields

v = T}R_“Z/(Si /2 + n2/Rsi/2)

For x large compared to R~ 1, s and x are essentially indis-
tinguishable and therefore on the plate [Eq. (2)]

o(x,®) = nR/ 21/

The rationale for the correction to be introduced is as
follows. From the matching principle, v(x, =) from the
first-order boundary-layer solution is equal to v aty = 0
for the second-order potential flow solution (see Van
Dyke!4). From thin-airfoil theory, v at ¥y = 0 is equal to v
at the parabola surface. In the leading-edge region, trou-
ble exists because of the inadequacy of both boundary-
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layer and thin-airfoil theory. It is felt to be reasonable
therefore to use the correct value of v on the parabola sur-
face in the expression for the source strength in Eq. (1). In
the leading-edge region

q(s) — an—UZ/(si/Z + T]Z/RSUZ)

Since the region of applicability is small, the effect of
the leading edge will be modeled by a concentrated singu-
larity placed at the plate’s leading edge. The leading-edge
region is considered to extend to s = ba to be consistent
with the trailing-edge modeling to be discussed next. At s
= 5a, the values of v from the corrected and Blasius ex-
pressions agree to within 10%.

The strength of the leading-edge singularity, normalized
by Ul, is given by

Qrp = f(]5aq(s)ds = 27°R1[2(10)1 /2 — 2172 tan™ 101/2}
(3)
On the plate, for 5a < x <1 — 5R~-3/8,
q(x) = 2nR™ /2712 (4)

where the downstream limit of applicability is obtained in
the next section.

Trailing-Edge Region

The details of the flow in the neighborhood of the trail-
ing edge are considered by Stewartson'® and Messiter.l?
The Blasius solution upstream and the Goldstein!® near-
wake solution downstream are invalid in a region of
O(R-3/8) centered at the trailing edge. The boundary
layer is seen to consist of three distinct sublayers (the
“triple deck”) and the flow in the layer adjacent to the
plate is described by the boundary-layer equations with
displacement thickness interaction.

Messiter!? gives the source strength as

g(x) = 2nR™1/? — 2RV/44G,/dx* (5)

where x* = R3/8(x — 1). For large negative x* G; —
-2.9614x*~1, For large positive x*, G; — 1.2881x*1/3 —
2.9614x*-1. At the trailing edge, G; and its first deriva-
tive are continuous.

At present, a detailed description of Gj is not available.
Melnik? is currently attempting to determine G; numeri-
cally. Since the details of the solution in the trailing-edge
region do not appear to be significant for the computation
of the wave forces and since the region under consider-
ation is small for large values of R, the effect of the trail-
ing-edge region will be modeled by a concentrated singu-
larity placed at the trailing edge. The region is considered
to extend a distance 5R~3/8 from the edge—this is chosen
to make the correction to the Goldstein'® solution ap-
proximately equal to the Goldstein result itself. This
choice should not significantly affect the solution.

The strength of the singularity, normalized by Ul, is

It is noted that Messiter'? points out that his solution is
accurate only for R—1/8 small. Otherwise neglected terms
may become important. In this study, R = 10% will be
considered.

The wake solution downstream of the trailing-edge sing-
ularity is discussed in Plotkin.2® In the region 1 + 5R~-3/8
< x < 1.4, the Goldstein'8 near wake solution is used and
it yields
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g(x) = R™1/2[27 — 0.8588(x — 1)%/3 — 0.9631(x — 1)1/3
—0.8604(x — 1) + 0.6865(x — 1)*/3] (1)

No useful overlap exists between the above solution and
the asymptotic far wake solution of Goldstein.2!

For convenience, a polynomial has been fitted to an
“exact” numerical solution of the boundary-layer equa-
tions?° to provide an analytical expression for g(x) in the
region 1.4 < x < 7. The downstream location of the end
of this intermediate wake region is chosen in conjunction
with the origin for the far wake solution to provide for a
smooth transition from one region to the next. The result-
ing source strength is

q(x) = R™/?2[0.054(x — 1) —0.4131(x — 1)73/2
+0.1584(x —1)?% —0.01879(x — 1)3/2] (8)
The far wake solution?! is

g(x) = —0.1759R™1/2 -3 /2

where the origin of x is undetermined. This origin is cho-

sen at x = 1.8 for the reason given above and the source
strength for 7 < x < is

g(x) = —0.1759R™"/?(x — 1.8)3%/2 (9)

Potential Flow Solution

To obtain the potential flow solution to second order (in
the boundary-layer scheme), the linearized boundary con-
dition at the free surface will be satisfied. The undis-
turbed free surface is located at y = h.

Consider the distributed singularities first-integration
from x = O to x = « will be understood to exclude the
edge regions. The velocity potential ¢ and the stream
function ¢ are normalized by Ul. In the absence of the
free surface, the complex potential is given by

fl2) = ¢ + iy = fo q(§) log(z — §)d§/2n
where z = x + iy. The complex potential with the gravity
images included to satisfy the linearized free surface con-
dition is
@)= | a($) log(z ~8)as/2r + [ q() log(z -8

— 2in)d§/2m + fo g(OIF?z — § - 2n)lds /a
where the Froude number F = U/(gl)1/? and

Ir)=e™ [ e™dw/w

For the calculation of the wave drag, ¢(x,h) as x — » is
needed. Far downstream

© -2
f(Z)*—“f 2iq(§)e"iF (z—§—2ih)d§
0
and

P(x,h) = Ze"’/Fz[cos(x/Fz)qu(§) cos(§ /FH)d§
0
+ sin(x/FZ)qu(§) sin( § /F2)d§ ) (10)
0

Similarly, for the concentrated singularities, far down-
stream we get

P(x,h) = ZQLEe"’/F2 cosx/F? 11)
B(x,h) = 2Q g e P2 cos(x —1)/F*

(The induced circulation is treated in the next section.)
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The problem under consideration possesses two ordering
schemes, one for the boundary-layer technique and one for
the hydrodynamic technique. Up to this point, reference
to first- and second-order results was associated with the
boundary-layer ordering scheme with expansion parame-
ter ¢, = R~1/2. Use of boundary-layer theory requires ¢, to
be small.

In this section, the choice to satisfy the linearized free
surface boundary condition introduces a new ordering
scheme which is discussed in some detail in Salvesen'?
and Dagan.!® The expansion parameter in this scheme is
the ratio of body thickness to submergence depth and is
therefore

€,=RVh=e€/n

since 6* = O(R-1/2). Since first-order theory is used for
each ordering scheme, it is consistent to require that e,
and ¢, be of the same order. This leads to 2 = 0(1) or the
requirement that the submergence depth be of the order
of the chord.

Also, Salvesen'? states that this ordering implies that

ghl /U = 0(1)

which leads to F = 0(1). The wave length A = 270U2/g
then is of 0(l). Dagan'® points out that second-order ef-
fects dominate for F <« 1.

Induced Circulation

The presence of the free surface introduces asymmetry
into the flowfield and the circulation around the plate is
nonzero. Strictly speaking, a vorticity distribution exists
along the plate whose strength can be obtained by satisfy-
ing the plate boundary condition along with the Kutta
condition at the trailing edge.

For hydrofoils with angle of attack and camber but no
thickness, Strandhagen and Seikel?? represent the foil cir-
culation by a concentrated vortex placed at the quarter-
chord point. Its strength is determined by satisfying the
plate condition at the three-quarter chord point. Hough
and Moran2?? showed that this approximation is reason-
able for a wide range of Froude number. Also, a concen-
trated vortex model is used in the accurate surface singu-
larity method of Giesing and Smith,24

The concentrated vortex representation is used in this
analysis. A vortex of strength T' (measured positive in the
clockwise direction and normalized by Ul) is placed at the
point (1/4,0). The complex potential for the vortex with
the linearized free surface condition satisfied is

flz) = iT/2n{log(z — 1/4) — log(z — 1/4 — 2ih)
—2IGF2(z — 1/4 — 2¢h))]

To determine T, set v(3/4,0) = 0. This leads to the
equation

{2 + 1/(1/2 + 8% — 2FU[iF*(1/2 — 2ih) ]}
+ Q. 1-2h/(9/16 + 4k*) - 2F*RI[iF*(3/4 — 2in)]}

+ Qrpl—2n/(1/16 + 4h?) — 2FRI[iF?(~1/4 — 2ih) |}

[ anq(§)as/[3/4 5 ) + 4n?]
0

~2F*R [ CgIEFTG/A 8 —2mWs =0 (12)
Also, far downstream
¥(x,h) = 2T sinF2(x — 1/4)e™/F*
— 2T sinl/4F* cosx/F> (13)
—2Te™ " cosl/aF> sinx/F?
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Wave Drag and Lift

The stream function for the singularities evaluated at y
= h and for x — « can be written as

7 1
Plx,h) = };)Ai cosx/F? + ;Bi sinx/F* (14)

where, for one segment of the distributed singularities,
from Eq. (10)

A, = 2e"'/F2fq(§) cos§/F’d§
(15)

B, = 2™ [4(8) sin$/F2ds

The seven components in Eq. (14) refer to the leading
edge, plate, trailing edge, near wake, intermediate wake,
far wake, and circulation.

To calculate the wave resistance, Salvesen'? presents a
derivation which requires a streamwise momentum bal-
ance in a control volume containing the plate. The control
surface consists of the linesx = —@, x = x> 1,y = —»
and the free surface. Care must be taken in adapting the
results due to the mass imbalance in the model which
represents the presence of the viscous drag.

Conceptually, the displacement surface represents a
semi-infinite body whose thickness far downstream is pro-
portional to the viscous drag on the plate. If the body is
truly semi-infinite, it would result in the raising of the
undisturbed free surface by an amount 26*(«) far down-
stream. In reality, however, it is unlikely that the flow be-
haves as if a rigid body existed far downstream. The wake
is quite diffused and the free surface has modified the
streamlines to conform to the wave system. Also, this ef-
fect is a manifestation of the viscous drag but it is only
the wave drag which is of interest.

In order to use Salvesen’s'? result for the wave drag and
to effectively eliminate the viscous drag from consider-
ation, a fictitious mass influx is distributed alongy = —«
to balance the mass outflow 2Us* through the downstream
boundary of the control surface. This allows the undis-
turbed free surface to remain at v = h and cancels the
streamwise momentum flux due to the mass imbalance.

Salvesen? has shown that the wave resistance is given
by

R, = PglzKéAi)? +(é3i>2:|/4 (16)

where p is the fluid density. A wave drag coefficient is de-
fined as

7 1
_ Rw _ 2 ( 2]
cw_@g_[(pzxi) + Z1)B‘,.> /4 (17)
The lift force on the plate is given by
-2
L = pUAT — pUiT?/4nh + pF 20" EiQQhF2)/7
and a lift coefficient is defined as
-2
. - . L
_or 12 272, ~2hF  pos A
CL r r/2ﬂh+ 2F~T“e El(th )/77 m

(18)
where Ei is defined in Ref. 25.

The A;’s and B;’s will now be obtained for the various
flow components.
Leading Edge
From Egs. (3, 11 and 14),
2
Ay = 4n*R7Te™/F (2(10)'/2 ~ tan™ 101/?)
B, =0
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Plate

Equations (4) and (15) are used. The integral in Eq. (15)
is split into two parts

-3/8
15R 1 1

J =L -/

5a 5a 1-5R73/8

After some manipulation and keeping terms of order equal
to or lower than O(R~1), the following is obtained

Ay = ~472R™(2(10)1 2)e ™/ F?
4 4nR—1/2(27,)1/2Fe~h/p2c[(2/ﬂ)1/zF—i]
_207)R-7/8€-h/F2 cosF?

B, = 4R /2(27)1/2Fe-h/FZS[(2/7T)1/2F~1]

N
~20nR/ B FT ginp?

where C and S are Fresnel integrals and are defined and
tabulated in Chap. 7 of Abramowitz and Stegun.2?

It is noted that in adding Ay + A, the first term in A, is
cancelled and the leading-edge singularity acts as a sink.
This is consistent with the leading-edge correction dis-
cussed in Van Dyke!* in which the flow speed is effective-
ly increased in the leading-edge region.

Trailing Edge

From Egs. (6, 11, and 14),
Ay = 40nRT 3 M F? o5

—4(1.0181)R™5 /8¢ F? ¢og 2

By = 40nR™ /8 /P ginF?

— 4(1.0181)R™ /8" F” ginF?

Note that the third terms in the plate expression cancel
half of the first terms in the trailing edge expressions.
Also note that the highest order contribution is 0(R~3/8)
and that this is important compared to 0(R~1/2).

Near Wake
Equations (7) and (15) are used. Take
q(§) = 27 — g(%)

Then
2
Ay = —20nR™ /8 F cog 2

+ 4gR7V2R2eTH £ (sinl.4F? —ginF™?)
_ 92 1.4
—2R1/2 M E [ L3 &(8) cos§/Fds
+5R 8

B, = —20qR™ 8™ F? ginp2
2
—4nR™Y2F%™ T (cos1.4F % — cosF?)

1.4
— - 2 r
—2R 1/Ze h/ F

rp-sss 8 (8) sin§/Fids

Note that the first terms cancel the remaining half of the
first terms in the trailing edge expressions. Only the terms
of O(R—5/8) are left.

Intermediate and Far Wake

These results are obtained by using Egs. (9) and (15),
respectively.
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Fig.2 Contribution to A; from individual flow components.

Circulation

From Egs. (13) and (14),
Ay = 2Te™™F ginl/4F?

B, = —2Te " F* cosl/4F?

Results and Discussion

In order to calculate the force coefficients, it is neces-
sary to evaluate the Fresnel integrals C(r) and S(r) and
the real and imaginary parts of the function I(r). These
quantities are tabulated in Ref. 25 but it is more conve-
nient, especially since I(r) appears in a numerical integra-
tion, to have series representations available. These are
also given in Ref. 25 as follows:

Clr) = 2y (~1)"(@/2* 1/ (2n) 1 (dn + 1)
Str) = g(—nﬂ(w/Z)?"*l%"“/(zn + 1)!1(4n + 3)
I(r) = —e"(y + logy + im + ?r"/nn !)

where v, Euler’s constant is 0.57721566. Also, if 1Rrl > 10
or 1Ir1 > 10, then I(r) + 0.711093/(—r + 0.415775) +
0.2781518/(—r + 2.29428) + 0.010789/(—r + 6.29). All of
the integration is performed numerically using Simpson’s
1/3 rule.

To calculate the wave drag coefficient, C,, from Eq.
(17), the coefficients A; and B; must be determined. To
evaluate the contributions of the various flow components,
recognition will be taken of the fact that certain terms
cancel in the summations of the A; and B; and the effect
of the flow components is then given without the can-
celled terms.

The contributions to A; are shown in Fig. 2 and to B; in
Fig. 3. Some explanation must be given to the manner in
which these results are displayed. The Reynolds number
dependence is both explicit and implicit. The lowest order
Reynolds number contribution to the coefficients is
0(R—1/2) with the trailing-edge region contributing a term
of O(R~5/8). Terms of both these orders appear in the cir-
culation. It is felt that the nature of the Reynolds number
dependence can be seen by an inspection of the equations
for the coefficients and therefore all the plotted results are
given for a representative value of R = 108,

Results are given for a Froude number range 0.3 < F <
3. It is noted that all terms are proportional to e—?/F2?
and that the only other depth dependence appears in the
circulation term. To keep the results general, e=?/F2 is
factored out even though it is F' dependent and h = 1 is
selected for the circulation term. For 2 > 1, the circulation

Fig.3 Contribution to B; from individual flow components.

term has a smaller contribution. The leading-edge contri-
bution, which is 0(R~1), is clearly too small to appear in
the figures. Also, the contribution from the far wake is too
small to be shown in the figures. The maximum magni-
tude of either Ag or Bg is approximately 0.1e-"/F2 R—1/2,

From the figures, it is seen that the flow consists of
three main components, the plate, the wake, and the cir-
culation. In general, the wake tends to reduce the effect of
the plate and except in the low F range, the circulation
tends to complement the effect of the plate. It is noted
that except for the oscillations at low F, the contributions
of most of the flow components tend to become indepen-
dent of Froude number as the Froude number increases.

To assess more carefully the contributions of the various
flow components to the overall wave drag, Figs. 4-6 must
be studied. In Fig. 4, the wave drag coefficient due solely
to the plate contribution is given. This term is O(R—1).
Curves are presented for 2~ = 1, 2, and 3 and R = 108. It
can be seen that the factor e—*/F2 provides maximum
damping for small values of F and that C, is monotoni-
cally increasing with F.

Figure 5 presents the wave drag contribution from all
flow components except the circulation. Curves are again
presented for h = 1, 2, and 3 and R = 108 This figure,
when studied in conjunction with Fig. 4, gives the effect
of the inclusion of the viscous wake in the analysis. It is
seen that the general shape of the curves is unchanged but
that the magnitude of the resistance has been reduced by
approximately a factor of four.

Figure 6 shows the wave drag coefficient for the com-
plete flowfield for h = 1, 2, and 3 and R = 108, This figure
demonstrates the contribution of the induced circulation
to the wave drag. It is noted that this contribution de-
pends more strongly on depth than the others since I' de-

C,x108

Fig. 4 Plate contribution to wave drag coefficient.
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Fig. 5 Wave drag coefficient minus contribution from circu-
lation.

creases with h. This can be clearly seen in the results for
h = 2 and h = 3 since C,, changes only slightly from Fig.
5 to Fig. 6. For h = 1, the circulation clearly complements
the plate results and returns the wave drag to 50% of its
value for the plate alone. Also, for b = 1, the addition of the
circulation term gives the wave drag curve the familiar non-
monotonic increase with F.

The lift coefficient, Cy, from Eq. (18), is shown in Fig. 7
for h =1, 2, and 3 and R = 106. It is seen that Cy is
strongly depth dependent. The lowest order term in C; is
0(R-1/2) so that C./C, = O0(R/2) for R — « for the flat
plate hydrofoil. It is noted that the curves of C, vs F for
different values of A have the same general shape as the
curves presented in Ref. 24 for the depth effect on C; for
flat-plate hydrofoils at angle of attack. The curves possess
minimums which occur at larger values of F for larger
values of h. Viscosity can be thought of as inducing an
angle of attack on the hydrofoil, one which is negative for
low values of F and becomes positive for larger values of
F.

A comment is in order here about the model used for
the wake. Wu? felt that the determination of a ‘“proper”
wake modeling was one of the more difficult aspects of
this interaction problem. He raised the question of the ap-
propriateness of considering a semi-infinite body to repre-
sent the wake and mentioned the alternative of some type
of mathematical modeling which reduces the thickness to
zero at some finite distance downstream of the trailing
edge. This question has not been answered here but some
pertinent observations can be made.

From a mathematical point of view, Van Dyke'* dem-
onstrates that in the limit as B — «, the second-order po-
tential flow represents the flow past a semi-infinite body
formed by adding the displacement thickness to the body
surface. The model used in this analysis is a traditional
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Fig. 6 Wave drag coefficient.
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Fig. 7 Lift coefficient.

one for the aerodynamicist and appears many times in the
literature (see Spence?®). The value of §* as predicted
from the viscous analysis is used to model the wake. It
should also be noted, however, that many current analyses
which consider the inclusion of the displacement effect in
airfoil calculations resort, perhaps out of necessity, to a
termination of the wake shortly behind the trailing edge.

It is seen from this analysis that the contribution to the
wave drag from the far wake (x > 7) is essentially negligi-
ble compared to that from the rest of the wake. This in- -
dicates that the present results could be duplicated with a
different wake model, notably one of finite extent. This
type of modeling would eliminate the wake mass imbal-
ance and related problems discussed earlier. It is felt that
experimental results should be used to guide the analyst
in the task of modeling the wake so as to best reproduce
the generated wave system.

A comment is also in order about the order of magni-
tude of the effects determined in this analysis. The lowest
order term in C, is O(R-1) and in C is O(R-1/2). Wu?2
points out that for a body of finite thickness (or similarly
for a foil with angle of attack), the terms above which are
due to the effect of viscosity alone would not be the most
important but would be negligible compared to the terms
due to the interaction of the viscosity-induced wave sys-
tem with the body-induced wave system. For example, if
the first-order body-induced terms in C,, are 0(1), then
the interaction term would be 0(R-1/2). Also, in Refs. 12
and 13 it is assumed that viscous terms are less important
than potential flow terms that are of higher order in the
thickness to depth ratio. For a particular body, especially
a thin one, this analysis is a step along the way to putting
one in a position to verify or disprove this assumption.

Finally, a word of caution is given with respect to ex-
tending the results of this analysis to higher order. It is re-
called that this problem possesses two ordering schemes
and the possibility exists that the analyst may not be able
to alternate back and forth between the viscous and po-
tential flow solutions, one order at a time. Also, the asym-
metry in the first-order solution leads to the necessity of
locating the wake centerline for any extensions of the
theory. In the absence of the free surface, the unknown-
in-advance wake curvature and location are important in
the solution as demonstrated by Spence.??” The presence
of the free surface will no doubt add a wavy character to
the wake location which can only further complicate the
analysis.
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Effect of a Wavy Bottom on Kelvin-Helmholtz Instability

A. Mitra* and M. D. Greenberg?

University of Delaware, Newark, Del.

The linearized Kelvin-Helmholtz free surface instability is investigated for the case where the
upper fluid is bounded and streaming with a velocity U, and the lower fluid is at rest and bounded
by a sinusoidal bottom. A vortex sheet model is formulated, and a perturbation solution in the bot-
tom amplitude is developed in which the time variable is strained. For any given set of physical pa-
rameters, it is found that flat-bottom stability implies wavy-bottom stability, except for a discrete
set of exceptional wave numbers, for which no conclusion regarding stability can be drawn from the

present analysis.

Nomenclature

A =thedifference £-x
A, = coefficient matrix, see Eq. (26)
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2(x, t) —q(& t)

column vector, see Eq. (26)

mean undisturbed depth

vorticity perturbation, see Eq. (8)

= acceleration of gravity

= column vector (g, h, g) transpose

= jth coefficient in X-expansion of g, see Eq. (16)
= column vector of g, h, g amplitudes, see Eq. (21)
= free surface perturbation, see Eq. (8)

= (—1)/2 and dummy index

I; = velocity perturbations (j = 1, 2, 3), see Egs. (9-12)
I; = jth coefficient in A-expansion of [;, see Eq. (18)
rI;» = the part of [,® involving g

k = wave number

p = pressure
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